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Abstract:We present a world-sheet formula for all tree level scattering amplitudes, in all
trace sectors, of four dimensional N ≤ 4 supersymmetric Einstein-Yang-Mills theory, based
on the refined scattering equations. This generalizes previously known formulas for all-
trace purely bosonic, or supersymmetric single-trace amplitudes. We find this formula by
applying a new chiral splitting formula for all CHY Pfaffians in 4d, into two determinants,
of positive and negative helicity respectively. The splitting of CHY Pfaffians is shown to
be a special case of the splitting of TM valued fermion correlators on the sphere, which
does not require the scattering equations to hold, and is a consequence of the isomorphism
TM ≃ S+ ⊗ S− between the tangent bundle of Minkowski space and the left- and right-
handed spin bundles. We present and prove this general splitting formula.
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1 Introduction
There have been fascinating new developments in the understanding of perturbative scatter-
ing amplitudes which have at their heart a map from the space of kinematics of n massless
particles to the moduli space of n-punctured Riemann surfaces. This map is provided by
the scattering equations, and it allows the reformulation of tree and loop level scattering
amplitudes of several quantum field theories in terms of integrals over said moduli space.
These new representations come in two very different flavours: On the one hand there
are intrinsically 4d representations like the Roiban-Spradlin-Volovich-Witten formula [1, 2]
for N = 4 super-Yang-Mills and the Cachazo-Skinner formula for N = 8 supergravity [3].
They have their origin in twistor theory, use spinor-helicity variables and accommodate
supersymmetry rather naturally via the use of on-shell supersymmetry. On the other hand
is the dimension agnostic Cachazo-He-Yuan framework, which has its roots in ambi-twistor
space and can describe a plethora of scattering amplitudes in any number of space-time
dimensions, but so far is largely limited to bosonic states.
It is a rather non-trivial fact that the CHY formulae reduce to the corresponding twistor
formulae once the external kinematics is four dimensional. Both are underpinned by the
same set of equations, albeit in very different representations, which is widely understood
[2, 4–6] and we review briefly in section 1.1. However the functions on the moduli space
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which determine the states and interactions look very different in the CHY and twistor
representations. The two main contributions of this paper are that we
• advance the understanding of the translation between the CHY and (ambi-)twistor
representations by demonstrating and proving the splitting of general holomorphic
correlators on the Riemann sphere of spinors valued in the tangent bundle of Minkowski
space TM, (which appear e.g. in the RNS string or ambi-twistor string,) into correla-
tors of spinors valued in the spin bundles S+ and S−. All kinematical CHY integrands
(for gravity, EYM etc.) are special cases or limits of this general type of correlator.
• find a formula for all tree level scattering amplitudes, in all trace sectors, in 4d N = 4
supersymmetric Einstein-Yang-Mills theory.
This paper extends the known formulas for purely bosonic states [7], previous work on
4d formulas for EYM of [8], which gave a formula for all single trace amplitudes, and the
translation of CHY Pfaffians [9]. Both results are each interesting in their own right. Chiral
splitting can be stated as the splitting of fermion correlators of the form〈∏
i
(λiλ˜i) · ψ(zi)
〉
, S =
∫
CP
1
ηµν ψ
µ(z)∂¯ψν(z) (1.1)
where (λiλ˜i)µ is a 4d null vector in spinor helicity notation and ψ
µ(z) is a left-moving
fermionic spinor on the Riemann sphere, into two factors, each only involving the left
handed λi and right handed λ˜i respectively. While chiral splitting is a general property of
the correlators (1.1), rooted in the fact that the tangent bundle of Minkowski space splits
as
TM ≃ S+ ⊗ S− (1.2)
into the left and right handed spin bundles, the present paper is interested in this because
of their role in the CHY formulae. Indeed, all kinematic Pfaffians appearing in the CHY
arise as correlators of this type. This means that the chiral splitting of the worldsheet
correlators eq. (1.1) on the sphere lifts, via the scattering equations, to a chiral splitting
of 4d quantum field theory amplitudes. In other words, all QFT amplitudes that can be
described by a CHY formula will exhibit this chiral splitting in 4d.
Following the early work [10–12] there has been renewed interest recently in the study of
Einstein-Yang-Mills amplitudes and their relation to pure Yang-Mills from the perspective
of the double copy construction [13, 14], string theory [15, 16] and the CHY formulae [17–
20]. We believe that the new formulas for N = 4 EYM scattering amplitudes (eqs. (3.4)
and (3.12)) can provide a new tool to study these relations, particularly in light of the 4d
KLT and BCJ relations [21].
We begin by very briefly reviewing the 4d scattering equations in section 1.1. In
section 2 we discuss the technicalities and give examples of the splitting of CHY type
Pfaffians, which we prove in appendix A, and in section 3 we present the 4d scattering
amplitude for N = 4 EYM on (ambit)twistor space. Both sections 2 and 3 are largely
self-contained, so the reader may skip directly to her/his point of interest.
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1.1 Representations of Scattering Equations
It is well known that in four dimensions the scattering equations split into R-charge sectors,
also known as Nk−2MHV sectors. These sectors are labelled by an integer k, or d ≡ k− 1,
or d˜ ≡ n− k− 1, where n is the total number of particles. There are many representations
of these refined scattering equations, and we will now briefly recall the three we use for this
paper. The idea is to write the particles’ momenta as matrices in spinor-helicity notation,
and then solve the scattering equations1
detP = 0 , (1.3)
where
Pαα˙(z) :=
∑
i∈p
λαi λ˜
α˙
i
dz
z − zi , (1.4)
by factorizing [4] it as
Pαα˙(z) = λα(z) λ˜α˙(z) , (1.5)
globally on the sphere. The factorization involves a choice of how to distribute the zeros
of P among the two factors, and this choice labels the different refinement sectors. It also
requires a choice of how to distribute the poles of P among the two factors and this choice
labels the various equivalent representations of the scattering equations.
The first representation of the refined scattering equation is given by the splitting
P (z) = λT (z) λ˜T (z) (1.6)
with
λαT ∈ H0 (O(d)) , λ˜α˙T ∈ H0

O(−d)⊗K[∑
i∈p
zi
] , (1.7)
where the subscript stands for twistor. The notation here means that for α = 0, 1, λαT is a
holomorphic polynomial of degree d while λ˜α˙T is a meromorphic (1, 0)-form of homogeneity
−d with simple poles at all marked points. In these variables the scattering equations read
Res ziλ˜T = ti λ˜i , ti λT (zi) = λi ∀i ∈ p = {1, · · · , n} . (1.8)
They fix the sections λT , λ˜T , the scaling parameters
2 ti and locations zi (up to Mo¨bius
invariance), and also enforce momentum conservation. The distinct refinement sectors are
labelled by the integer k = d+1, and the original scattering equations P 2 = 0 are equivalent
to the union of the refined scattering equations for k = 1, · · · , n− 1.
The second representation is the parity conjugate of the previous one and is given by
the splitting
P (z) = λT˜ (z) λ˜T˜ (z) (1.9)
1Since P is a meromorphic (1, 0)-form, detP = 0 contains n− 3 independent equations
2Both λT (z) and λi are only defined up to rescaling by a non-zero complex number. Hence the scattering
equations can only require them to be proportional, and the scaling parameters ti are introduced to account
for the rescaling covariance.
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with
λα
T˜
∈ H0

O(−d˜)⊗K[∑
i∈p
zi
] , λ˜α˙
T˜
∈ H0
(
O(d˜)
)
, (1.10)
where the subscript stands for dual twistor. Here λT˜ is a meromorphic (1, 0)-form of homo-
geneity −d˜ with simple poles at all marked points, while λ˜T˜ is a holomorphic polynomial
of degree d˜. In these variables the scattering equations read
Res ziλT˜ = t˜i λi , t˜i λ˜T˜ (zi) = λ˜i ∀i ∈ p (1.11)
and they again fix the sections λT˜ , λ˜T˜ , the scaling parameters t˜i and locations zi (up to
Mo¨bius invariance) and enforce momentum conservation.
The third representation is useful if there is a natural splitting of the set of external
particles p into two subsets p+ ∪ p− = p. Then we can require that
P (z) = λA(z) λ˜A(z) (1.12)
with
λαA ∈ H0

K1/2[ ∑
i∈p−
zi
] , λ˜α˙A ∈ H0

K1/2[ ∑
i∈p+
zi
] , (1.13)
where the subscript stands for ambi–twistor. Here λA, λ˜A are both meromorphic (1/2, 0)-
forms of homogeneity 0 and have simple poles at the marked points in p−,p+ respectively.
In these new variables the scattering equations read
Res ziλA = u˜i λi , u˜i λ˜A(zi) = λ˜i ∀i ∈ p−
Res ziλ˜A = ui λ˜i , ui λA(zi) = λi ∀i ∈ p+
(1.14)
and they fix the sections λA, λ˜A, the scaling parameters ui, u˜i and locations zi (up to
Mo¨bius invariance) and enforce momentum conservation.
We can easily switch between these three representation via the relations
λT (z) ∝
∏
i∈p−(z − zi)√
dz
λA(z) ∝
∏
i∈p(z − zi)
dz
λT˜ (z)
λ˜T (z) ∝
√
dz∏
i∈p−(z − zi)
λ˜A(z) ∝ dz∏
i∈p(z − zi)
λ˜T˜ (z)
(1.15)
for the sections, where the factor of proportionality is independent of z, and also for the
scaling parameters
tj
ti
∏
k∈p−\{i}
zj − zk
zi − zk = u˜i uj
√
dzi dzj
zi − zj =
t˜i
t˜j
∏
k∈p+\{j}
zi − zk
zj − zk (1.16)
for any choice of i ∈ p−, j ∈ p+. The locations zi are identical among the three represen-
tations.
Notice that among the three representations the number of zeros in λA, λT , λT˜ and
λ˜A, λ˜T , λ˜T˜ is always d and d˜ respectively, and only the poles are redistributed. Of course
one may define many more representations of the same equations by choosing different
ways of distributing the poles among the two factors, but for the present paper we will
only need these three.
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2 Chiral Splitting of Fermion Correlators & CHY Pfaffians
The key step in the translation of the CHY integrands into spinor–helicity language is the
factorization of the kinematic Pfaffians into Hodges matrices [3, 22]. Take 2n points on the
sphere zi and to each point associate one un-dotted (left-handed) spinor λi and one dotted
(right-handed) spinor λ˜i. The basic identity which we found and use throughout the rest
of the paper is the factorization of the Pfaffian
Pf
(
〈λi λj〉 [λ˜i λ˜j ]
zi − zj
)i,j=1,··· ,2n
=
det
(
〈λi λj〉
zi−zj
)i∈b
j∈bc
V (b)V (bc)
det
(
[λ˜i λ˜j ]
zi−zj
)i∈b˜
j∈b˜c
V (b˜)V (b˜c)
V ({1, · · · , 2n})
(2.1)
where b, b˜ are arbitrary ordered3 subsets of {1, · · · , 2n} of size n and bc, b˜c are their
complements. We use the notation that det(Mij)
i∈a
j∈b denotes the determinant of the matrix
M , with rows indexed by the set a and columns by the set b. Since the Pfaffian is only
defined for antisymmetric matrices, it’s rows and columns are necessarily indexed by the
same set. We also use the Vandermonde determinant, defined as usual
V (b) =
∏
i<j∈b
(zi − zj) (2.2)
for an ordered set of points on the sphere. It is worth emphasizing that this factorization
does not require the scattering equations to hold (and that the spinors λi, λ˜i need not have
any interpretation in terms of null momenta or polarization vectors, though of course that
is how we will employ this formula below). The kinematic Pfaffians for gravity, EYM, etc.
may all be realized as appropriate limits or special cases of this Pfaffian.
To prove eq. (2.1) we simply compute the residues as any zi−zj → 0 on both sides and
invoke induction. We outline the idea of the proof here and point the interested reader to
appendix A for details: At first glance it seems as though the right hand side depends on
the splitting of the 2n points into the two halves b,bc and b˜, b˜c respectively, which would
be at odds with the manifest S2n antisymmetry of the Pfaffian on the left. This tension is
resolved by the surprising fact that the combination
det
(
〈i j〉
zi−zj
)i∈b
j∈bc
V (b) V (bc)
(2.3)
is totally S2n permutation symmetric, despite making only the permutation invariance
under a Sn × Sn × Z2 subgroup manifest. To exhibit full permutation invariance we may
go to an alternative representation
det
(
〈i j〉
zi−zj
)i∈b
j∈bc
V (b) V (bc)
= (−1)n (n−1)2
∑
p⊂{1,··· ,2n}
|p|=n
∏
i∈p(λi)
0
∏
j∈pc(λj)
1∏
i∈p
j∈pc
(zi − zj) (2.4)
3The expression eq. (2.1) is easily seen to be independent of the ordering of b, b˜, but the Hodges
determinant and the Vandermonde determinant separately are not, so we keep track of the ordering.
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where the sum runs over all unordered subsets p ⊂ {1, · · · , 2n} of size n. The right hand
side is now manifestly S2n permutation invariant (though it has lost its manifest SL(2)
Lorentz invariance). This last equality is interesting in its own right, but will not be used
in the present paper other than to prove the S2n symmetry of eq. (2.3). Below we will use
the S2n symmetry of eq. (2.3) repeatedly in order to streamline the calculations.
We now demonstrate the chiral splitting formula eq. (2.1) by translating various CHY
formulae into 4d spinor helicity variables.
2.1 Refinement of the Scalar Mode Pfaffian
As a warm-up we demonstrate how to use eq. (2.1) to factorize the scalar mode CHY
Pfaffian
Pf (A) = Pf
(
pi · pi
zi − zj
)i,j=1,··· ,n
= Pf
(
〈λi λj〉 [λ˜i λ˜j ]
zi − zj
)i,j=1,··· ,n
(2.5)
with n even. Now we have to choose two ways of splitting of the n labels into two halves,
one for the rows and one for the columns respectively. Choosing, for example, the splitting
1, · · · , n/2 and n/2 + 1, · · · , n for both for both angle and square brackets, by eq. (2.1) we
find
Pf (A) = det
( 〈λi λj〉
zi − zj
)i=1,··· ,n/2
j=n/2+1,··· ,n
· det
(
[λ˜i λ˜j]
zi − zj
)i=1,··· ,n/2
j=n/2+1,··· ,n
·
∏n/2
i=1
∏n
j=n/2+1(zi − zj)∏n/2
i,j=1(zi − zj)
∏n
i,j=n/2+1(zi − zj)
(2.6)
Of course this is just one way to chose the distribution of the n row/column labels of the
Pfaffian onto the two determinants, and they’re all equivalent (after taking into account
the appropriate Vandermonde ratios).
Since Pf (A) has corank 2 when evaluated on solutions to the scattering equations [7],
the above Pfaffian actually vanishes and we instead consider the reduced Pfaffian, defined
to be the Pfaffian of any n− 2× n− 2 minor of A, together with a Jacobian factor which
preserves the Sn permutation invariance of the construction. We can adapt the above easily
Pf ′(A) =
1
z1 − zn Pf
(
〈λi λj〉 [λ˜i λ˜j ]
zi − zj
)i,j=2,··· ,n−1
= det
( 〈λi λj〉
zi − zj
)i=2,··· ,n/2
j=n/2+1,··· ,n−1
· det
(
[λ˜i λ˜j ]
zi − zj
)i=2,··· ,n/2
j=n/2+1,··· ,n−1
· 1
z1 − zn
∏n/2
i=2
∏n−1
j=n/2+1(zi − zj)∏n/2
i,j=2(zi − zj)
∏n−1
i,j=n/2+1(zi − zj)
.
(2.7)
Again, for concreteness, we display just one of many equivalent ways of splitting the reduced
Pfaffian into two determinants. Notice that the splitting does not require the scattering
equations to hold, but on the support of the scattering equations the above expression
becomes Sn symmetric.
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2.2 Refinement of the Vector–Mode Pfaffian
As next example we shall translate the probably best known CHY integrand, the kinematic
Pfaffian for massless vector modes [23]
Pf
(
A −CT
C B
)
(2.8)
with the entries of each block-matrix given as
Aij = pi · pj S(zi, zj) , Bij = εi · εj S(zi, zj) , Cij = εi · pj S(zi, zj) (2.9)
and
Aii = 0 , Bii = 0 , Cii = εi · P (zi) , (2.10)
where
S(z, w) :=
√
dz dw
z −w (2.11)
is the free fermion propagator (Szego´ kernel) on the Riemann sphere4. It is convenient to
use the following parametrization for polarization vectors
ε−i =
|λi〉 [ξi|
[ξi λ˜i]
, ε+i =
|ξi〉 [λ˜i|
〈ξi λi〉 , (2.12)
for states of negative and positive helicity respectively. For the following discussion we
fix the degree of the refined scattering equations to be d = |p−| − 1, for which we give a
justification below.
In order to use the factorization formula eq. (2.1) on this Pfaffian we first have to cast
it into the form
Pf
(
qi · qj S(zi, zj)
)i,j=1,··· ,2n
. (2.13)
We would like to identify qi = pi and qi+n = εi as well as zi = zi+n for i = 1, · · · , n, but
the diagonal terms in the block C present an obstruction to doing so. We can resolve this
obstruction by employing a point splitting procedure and using the scattering equations.
The idea is to introduce n new marked points on the sphere, one wi associated to each zi,
and write the momenta as
pi = lim
wi→zi
pi(wi) ≡ lim
wi→zi
{
ti t˜i |λT (wi)〉 [λ˜T˜ (wi)|
}
(2.14)
and also write
ε−i = ti
|λT (zi)〉 [ξi|
[ξi λ˜i]
and ε+i = t˜i
|ξi〉 [λ˜T˜ (zi)|
〈ξi λi〉 . (2.15)
4The factors of
√
dz can be removed using the multilinearity of the Pfaffian, but we keep them in place
to highlight its CFT origin.
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Here we use the functions λT and λ˜T˜ from the twistor and dual twistor representation of
the refined scattering equations, respectively. We shall work in this enlarged description5
to facilitate the factorization of the Pfaffian, and take the limit wi → zi only at the very
end, where we recover the original momentum vectors. The upshot is that the diagonal
terms of C may now be written as
ε±i · P (zi) = limwi→zi
(
ε±i · pi(wi) S(zi, wi)
)
(2.17)
and hence we have succeeded in bringing the Pfaffian into the desired form
Pf
(
A −CT
C B
)
= lim
wi→zi
Pf
(
pi(wi) · pj(wj)S(wi, wj) pi(wi) · εj S(wi, zj)
εi · pj(wj)S(zi, wj) εi · εj S(zi, zj)
)
. (2.18)
Clearly, the only non-trivial part of this statement is that the diagonal terms in C indeed
have the correct limit, which we demonstrate below.
Having brought the Pfaffian into the canonical form eq. (2.18) we may now use eq. (2.1)
to factorize it and find
Pf
(
pi(wi) · pj(wj)S(wi, wj) pi(wi) · εj S(wi, zj)
εi · pj(wj)S(zi, wj) εi · εj S(zi, zj)
)
= det
(
〈λ(zi)λ(wj)〉S(zi, wj)
〈ξk λ(wj)〉S(zk, wj)
)i∈p−, k∈p+
j∈p−∪p+
·
∏
i∈p+
1
S(wi, zi)
t˜2i
〈λi ξi〉
· det
(
[ξi λ˜(wj)]S(zi, wj)
[λ˜(zk) λ˜(wj)]S(zk, wj)
)i∈p−, k∈p+
j∈p−∪p+
·
∏
i∈p−
1
S(wi, zi)
t2i
[λ˜i ξi]
·
∏n
i 6=j=1(zi −wj)∏n
i<j=1(zi − zj)(wi − wj)
(2.19)
where we have chosen the splitting such that the rows are labelled by the punctures zi
while the columns are labelled by the wi. The sub–blocks of both determinants are of size
|p−| × n and |p+| × n respectively.
The last step is to take the limit wi → zi. Notice that each line is finite in the limit, as
the potential singularities on the diagonal of the determinants are cancelled by the inverse
Szego kernels multiplying them. Explicitly, we see for example that the first line becomes
lim
wi→zi
det
(
〈λ(zi)λ(wj)〉S(zi, wj)
〈ξk λ(wj)〉S(zk , wj)
)i∈p−, k∈p+
j∈p−∪p+
·
∏
i∈p+
1
S(wi, zi)
1
〈λi ξi〉 = det(Φ)
i∈p−
j∈p−
(2.20)
5In the language of the Ambitwistor String model of [24] this means that we write the descended vertex
operators as a product
εi · P (zi)+ : εi · ψ(zi) pi · ψ(zi) : = lim
wi→zi
pi(wi) · ψ(wi) εi · ψ(zi) . (2.16)
The correlator of these point–split vertex operators gives rise to the Pfaffian in eq. (2.18).
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where we recover the dual Hodges matrix with entries
Φij = 〈λ(zi)λ(zj)〉S(zi, zj) , and Φii = 〈λ(zi) dλ(zi)〉 . (2.21)
To take the limit wi → zi in (2.20) we used the Leibniz formula for the determinant and
then noticed that the terms surviving in the limit reassemble into det(Φ). The second line
similarly gives rise to the determinant of the Hodges matrix with entries
Φ˜ij = [λ˜(zi) λ˜(zj)]S(zi, zj) , and Φ˜ii = [λ˜(zi) dλ˜(zj)] . (2.22)
Recall that the polynomials λ(z), λ˜(z) belong to the twistor/dual twistor representation of
the refined scattering equations, respectively, so these definitions of the Hodges matrices
agree with the usual ones on the support of the scattering equations (of the correct degree).
To summarize, we have shown that the vector–mode CHY Pfaffian factorizes into a
product of a Hodges determinant times a dual Hodges determinant
Pf
(
A −CT
C B
)
= det(Φ)i∈p
−
j∈p−
· det(Φ˜)i∈p+
j∈p+
·
∏
i∈p−
t2i ·
∏
j∈p+
t˜2j (2.23)
on the support of the scattering equations of degree d = |p−| − 1.
2.2.1 Degree, Kernel and Cii Diagonal Elements
There are several loose ends to tie up in the above discussion. Firstly, we have used
the refined scattering equations of degree d = |p−| − 1 without justification for fixing
the degree of the scattering equations in terms of the number of particles with negative
helicity. Indeed, the CHY scattering equations are equivalent to the union of the refined
scattering equations of all possible degrees, so a priori there is no reason to restrict our
attention to the refined scattering equations in the sector k = |p−| only. It is however
known [9] that the Pfaffian eq. (2.8) actually vanishes when evaluated on solutions to the
refined scattering equations of the wrong degree. One way to show this is to perform the
same steps as above6 and then discover that one of the Hodges matrices has a larger than
expected kernel. Though this is straightforward, we want to take an alternative route here.
We can actually construct the kernel of the CHY–matrix evaluated on the wrong degree
explicitly. In fact, if 0 < ∆ := |p−| − 1− d, then define
vi = γ(zi) t
−1
i
[ξi|Res zi ζ˜]
[ξi λ˜i]
, wi = −γ(zi) t−1i [λ˜i|Res zi ζ˜] for i = 1, · · · , n (2.24)
where γ ∈ H0(T 1/2) is any holomorphic section of T 1/2 and
ζ˜ α˙ ∈ H0
(
O(−d)⊗K
[ n∑
i=1
zi
])
(2.25)
6In the twistor and dual twistor representation the diagonal terms in the C matrix block remain of the
same form even when d 6= |p−| − 1. See below for further comments.
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with the requirement that
Res ziζ = ti λ˜i ∀i ∈ p+ . (2.26)
Here ξi are the auxiliary spinors that enter the definition of the polarization vectors when
i ∈ p−, and arbitrary spinors when i ∈ p+. (Note that this requirement implies some
simplifications of the kernel, e.g. wi = 0 for i ∈ p+. Also we find that under a gauge
transformation εi → εi + pi the kernel transforms as vi → vi − wi, which is necessary for
the following equation to be gauge covariant.) With these definitions a straightforward,
though somewhat tedious, calculation shows that the scattering equations imply(
A −CT
C B
)(
v
w
)
= 0 (2.27)
Counting the free parameters in ζ and γ we find that the kernel is of dimension 2∆ + 2.
If ∆ < 0 we have to take the parity conjugate of the above construction and find that
the kernel is of dimension 2 |∆|+ 2.
The second loose end to tie up is that even when evaluated on solutions of the correct
degree, the Pfaffian and the Hodges matrices have a non–empty kernel. Hence, the above
discussion needs to be adapted to the reduced Pfaffian
Pf ′
(
A −CT
C B
)
= S(z1, z2) Pf
(
A −CT
C B
)1ˇ,2ˇ
(2.28)
where the superscript 1ˇ, 2ˇ is the instruction to remove the first two rows and columns from
the matrix before taking its Pfaffian. The scattering equations ensure that the reduced
Pfaffian is still fully permutation symmetric, albeit not manifestly so. We may assume
without loss of generality that 1 ∈ p− and 2 ∈ p+. Then, retracing the steps from above
with one fewer row/column in each matrix, we find
Pf ′
(
A −CT
C B
)
= det
(
〈λ(zi)λ(zj)〉S(zi, zj)
〈ξ2 λ(zj)〉S(z2, zj)
)i∈p−\{1}
j∈p−
· 1〈λ2 ξ2〉 t˜2
·
∏
i∈p+
t˜2i
· det
(
[ξ1 λ˜(zj)]S(z1, zj)
[λ˜(zk) λ˜(zj)]S(zk, zj)
)k∈p+\{2}
j∈p+
· 1
[λ˜1 ξ1] t1
·
∏
i∈p−
t2i
(2.29)
where the two matrices each consist of two sub-blocks, with dimensions 1 × d + 1 and
d×d+1 and 1× d˜+1 and d˜× d˜+1 respectively. To bring this into the desired form of two
reduced Hodges determinants we use that one can add linear combinations of the columns
in a matrix onto each each other without changing the value of the determinant. Thus we
– 10 –
can show that for instance
det
(
〈λ(zi)λ(zj)〉S(zi, zj)
〈ξ2 λ(zj)〉S(z2, zj)
)i∈p−\{1}
j∈p−
= det
(
〈λ(zi)λ(zj)〉S(zi, zj)
〈ξ2 λ(z2)〉 δ1,j
)i∈p−\{1}
j∈p−
· S(z1, z2)
∏
k∈p−\{1}
z1 − zk
z2 − zk
= det (Φ)
i∈p−\{1}
j∈p−\{1}
· 〈ξ2 λ(z2)〉
· S(z1, z2)
∏
k∈p−\{1}
z1 − zk
z2 − zk
(2.30)
where we added the columns for j ∈ p−\{1} with coefficients
√
dz1√
dzj
∏
k∈p−\{1,j}
z1 − zk
zj − zk , (2.31)
onto the column j = 1. This simplifies the determinant because the last row now has only
a single non-vanishing entry. Indeed, Cauchy’s theorem tells us that
〈ξ2 λ(z1)〉S(z2, z1) +
∑
j∈p−\{1}
〈ξ2 λ(zj)〉S(z2, zj)
√
dz1√
dzj
∏
k∈p−\{1,j}
z1 − zk
zj − zk
= 〈ξ2 λ(z2)〉S(z1, z2)
∏
k∈p−\{1,j}
z1 − zk
z2 − zk
(2.32)
for the last row, as well as
Φi1 +
∑
j∈p−\{1}
Φij
√
dz1√
dzj
∏
k∈p−\{1,j}
z1 − zk
zj − zk = 0 (2.33)
for all rows labelled by i ∈ p−\{1}. After the analogous argument for the Hodges matrix we
find that the reduced Pfaffian factorizes as expected into two reduced Hodges determinants
Pf ′
(
A −CT
C B
)
= det (Φ)
i∈p−\{1}
j∈p−\{1}
· det
(
Φ˜
)k∈p+\{2}
j∈p+\{2}
· 1
u˜21 u
2
2
·
∏
i∈p−\{1}
t2i ·
∏
i∈p+\{2}
t˜2i (2.34)
Recall that the scaling parameters ti, t˜i, ui, u˜i come from the various representations of the
refined scattering equations in the sector d = |p−| − 1.
Finally we would like to spell out the details pertaining to the diagonal elements of the
C block–matrix that were used in the point–splitting procedure above. It is known that
on the support of the scattering equations the Cii are gauge invariant, and in fact reduce
to the diagonal elements of the Hodges matrices. Indeed for a negative helicity particle,
i ∈ p−, we compute
ǫ−i · P (zi) = limz→zi ǫ
−
i · P (z) = limz→zi 〈λi λA(z)〉
[ξi λ˜A(z)]
[ξi λ˜i]
= 〈λi λA(zi)〉 u˜−1i (2.35)
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using the scattering equations in ambi–twistor form, and likewise ǫ+i ·P (zi) = [λ˜i λ˜A(zi)]u−1i
for i ∈ p+. Notice that while, for instance, λA(z) has a pole at zi for i ∈ p−, the combination
〈λi λA(z)〉 is regular at z → zi. Analogous comments apply to λ˜A(z) and of course P (z).
Using the relations between the three representations of the refined scattering equations
we may write these diagonal terms equivalently as
ǫ−i · P (zi) = 〈λi dλT (zi)〉 ti = 〈λi λT˜ (zi)〉 t˜−1i
ǫ+i · P (zi) = [λ˜i λ˜T (zi)] t−1i = [λ˜i dλ˜T˜ (zi)] t˜i
(2.36)
for i ∈ p− ∪ p+. Note that the twistor and dual twistor representations of these terms
do not rely on the fact that d = |p−| − 1, so they can be used straightforwardly even in
solution sectors with d 6= |p−| − 1.
2.3 Refinement of the ‘Squeezed’ Vector–Mode Pfaffian
Having discussed the factorization of the vector mode Pfaffian in great detail, we may
now apply the same technique to the squeezed Pfaffian appearing in the CHY formula for
Einstein-Yang-Mills. Recall from [7] the half-integrand for EYM tree amplitudes in the
sector with τ colour traces reads
Pf ′(Π(tr1, · · · , trτ : h)) =
∑
i2<j2∈tr2
···
iτ<jτ∈trτ
m∏
α=2
(ziα − zjα) Pf (M(h ∪ I ∪ J : h)) (2.37)
with the abbreviation for the gluon labels
I ≡ {i2, · · · , iτ} and J ≡ {j2, · · · , jτ} . (2.38)
Note that Pf ′Π only makes explicit reference to τ − 1 traces. On the support of the
scattering equations this reduced Pfaffian does not depend on which trace is being removed
from the expression.
To factorize this we may use the splitting formula eq. (2.1) term by term in the sum.
Since the formula for EYM scattering amplitudes contains also a vector mode Pfaffian for
gravitons and gluons, we find using the Kernel argument from above that the amplitude
localizes to solutions of degree d = n−gr + n
−
gl − 1. For the gravitons we have to employ
the point-splitting procedure as above, and the structure is identical to the pure vector
Pfaffian. For the gluons we don’t need to point-split and can just take the result for the
scalar mode Pfaffian. Combining the two we find
Pf (M(h ∪ I ∪ J : h)) = det
(
Φi∈h
−∪I
j∈h−∪J
)
det
(
Φ˜i∈h
+∪I
j∈h+∪J
) V (I ∪ J)
V (I)2V (J)2
, (2.39)
with Φ, Φ˜ the Hodges matrices as defined above. We have chosen to split the rows/columns
in a symmetric way, but again, many others are possible using eq. (2.1).
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3 EYM Tree Scattering Amplitudes
Having factorized the CHY integrand for 4d EYM into two chiral halves, we can lift it to
a formula for all tree–level scattering amplitudes in maximally supersymmetric Einstein-
Yang-Mills.
It is well known that 4d scattering amplitudes can be organized by MHV sector [25, 26],
which counts the number of states of one helicity, and is independent of the number of states
of the other helicity. The remarkable simplicity of the maximally helicity violating ampli-
tudes can be traced back to the integrability properties of the underlying (anti-self-dual)
field equations, and the higher Nk−2MHV amplitudes are an expansion around this inte-
grable sector. While this perspective breaks manifest parity invariance, it retains a natural
action of parity and the emergence of parity invariance is understood [2, 4]. After incor-
poration of supersymmetry, the MHV sectors are generalized to R-charge super-selection
sectors. This continues to be true in N = 4 EYM, which is expected already from the CHY
representation: Since the CHY integrand for EYM still contains one vector mode, alongside
one squeezed vector mode Pfaffian, the specialization to a definite degree d = k − 1 of the
scattering equations still occurs, where k is the the R-charge sector of the amplitude.
The spacetime Lagrangian dictates that a tree level scattering amplitude in Einstein-
Yang-Mills in the τ trace sector comes with a factor
κngr+2τ−2 (3.1)
of the gravitational coupling constant κ ∼ √GN , where ngr denotes the number of external
gravitons. In [3] it was explained that, when written in terms of a worldsheet model, these
powers of κ must be accompanied by the same number of powers of 〈 , 〉 or [ , ] brackets.
Indeed, from dimensional analysis we find that
#〈 , 〉+#[ , ] = n+gr + n−gr + 2τ − 2 . (3.2)
Parity conjugation exchanges 〈 , 〉 and [ , ], which fixes
#〈 , 〉 = n−gr + τ − 1 , #[ , ] = n+gr + τ − 1 . (3.3)
From the perspective of twistor theory, the appearance of the SL(2)L,R invariants 〈 , 〉 and
[ , ] controls the breaking of conformal symmetry of a theory, and the very existence of a
well defined counting is a hallmark of the natural action (and breaking) of this symmetry
on twistor space.
3.1 Einstein-Yang-Mills amplitudes in 4d spinor helicity variables
There are as many representations of any 4d refined scattering amplitude as there are rep-
resentations of the 4d refined scattering equations themselves, and they each make different
properties manifest. We begin with the non-supersymmetric ambitwistor representation,
which makes parity manifest. Now the R-charge sector k is simply given by the number
of negative helicity particles, so d = |p−| − 1. Using the known behaviour of the Jaco-
bian [5, 21] which arises in going from the CHY to the refined scattering equations we find
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the Einstein-Yang-Mills scattering amplitudes in the τ -trace sector
∫
1
vol GL(2,C)
∑
i2<j2∈tr2
···
iτ<jτ∈trτ
det
(
Φi∈h
−∪I
j∈h−∪J
)
det
(
Φ˜i∈h
+∪I
j∈h+∪J
) V (I ∪ J)
V (I)2V (J)2
τ∏
α=2
(ziα − zjα)
dziα dzjα
τ∏
α=1
PT(trα)
∏
i∈p−
du˜i
u˜i
δ¯2(λ˜i − u˜i λ˜(zi))
∏
i∈p+
dui
ui
δ¯2(λi − ui λ(zi))
(3.4)
with the abbreviations
I ≡ {i2, · · · , iτ} and J ≡ {j2, · · · , jτ} . (3.5)
We use the familiar Hodges matrices (in the ambitwistor representation)
Φij = 〈λi λj〉S(zi, zj) , Φii = −
∑
j∈p−\{i}
Φij
u˜j
u˜i
(3.6)
and
Φ˜ij = [λ˜i λ˜j ]S(zi, zj) , Φ˜ii = −
∑
j∈p+\{i}
Φ˜ij
uj
ui
, (3.7)
for the integrand and the functions λ(z), λ˜(z) are solutions to the ambitwistor scattering
equations,
λ(z) =
∑
i∈p−
λi u˜i S(z, zi) , λ˜(z) =
∑
i∈p+
λ˜i ui S(z, zi) , (3.8)
while ui, u˜i are the corresponding scaling parameters. Furthermore we used the world-sheet
Parke-Taylor factor of a gluon trace, defined as
PT(tr) :=
∑
σ∈S| tr |/Z| tr |
Tr
[
Tσ(1) · · ·Tσ(| tr |)
] ∏
i∈tr
S(zσ(i), zσ(i+1)) , (3.9)
with the gauge group generators Ti associated to each gluon in the trace. We emphasize
again that while tr1 appears to be singled out, the scattering equations guarantee that the
formula is independent of this choice, so is actually Sτ permutation symmetric.
It is well known that one of the major advantages of the refined formulas is that we
can actually go beyond the bosonic amplitudes given by the CHY formula and find N ≤ 3
super-symmetric amplitudes in a remarkably simple fashion. Given the Grassmann num-
bers ηi, η˜i (transforming in the fundamental/anti-fundamental of the SU(N ) R-Symmetry,
respectively) from the external supermomenta, we can promote eq. (3.4) to the full super-
amplitude by including the factor
exp


∑
i∈p−
i∈p+
ηi · η˜j u˜i uj S(zi, zj)

 , (3.10)
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whose behaviour under factorization is simple and well understood [8]. This is astonishing
not just because of its simplicity, but also because it makes space-time supersymmetry
manifest. It is a consequence of the natural incorporation of onshell SUSY on twistor
space.
3.2 N = 4 sEYM on Twistor Space
Now we shall give the twistor space representation of the scattering amplitude, which will
break manifest parity invariance, but allow for manifest N = 4 supersymmetry.
In general, a scattering amplitude is a multi-linear functional of the external wave
functions. Most commonly it is simply given in a basis of plane waves (as e.g. above), but
on twistor space it is actually more natural to maintain the full structure. Using N = 4
onhell SUSY we may write the wave function for a whole SUSY multiplet as a single
function on onshell superspace. In N = 4 sEYM there are two colour neutral multiplets,
hi, φi, which contain the graviton as their highest/lowest spin state, and one adjoint-valued
multiplet Ai, containing the gluons. Via the Penrose transform the external wave functions
of the super-multiplets are given by cohomology classes with a certain homogeneity on super
twistor space PT := CP3|4\CP1|4
hi ∈ H1 (PT, O(2)) , Ai ∈ H1 (PT, O(0)) , φi ∈ H1 (PT, O(−2)) , (3.11)
of helicity −2,−1, 0 respectively. As usual, the coefficients in the Taylor expansion w.r.t.
the Grassmann coordinates of PT correspond to the various components of the supermul-
tiplet. With these definitions in place we now present the sEYM scattering amplitude in
the τ colour trace sector on twistor space
∑
d
∫
M0,n(d)
dµd
∑
i2<j2∈tr2
···
im<jm∈trm
det
(
Φi∈φ∪Ij∈φ∪J
)
det
(
Φ˜i∈h∪Ij∈h∪J
) V (I ∪ J)
V (I)2V (J)2
τ∏
α=2
(ziα − zjα)
dziα dzjα
τ∏
α=1
PT(trα)
∏
i∈h
hi(Z(zi))
∏
i∈g
Ai(Z(zi))
∏
i∈φ
φi(Z(zi))
(3.12)
where we abbreviated the sets
I ≡ {i2, · · · , iτ} and J ≡ {j2, · · · , jτ} , (3.13)
as well as the measure
dµd ≡ d
4(d+1)|4(d+1)Z
vol GL(2,C)
≡
∏d
a=0 d
4|4Za
vol GL(2,C)
(3.14)
on M0,n(d), the moduli space of holomorphic maps of degree d from the n-punctured
Riemann sphere to super twistor space. Here we have chosen to coordinatize this space as
Z(z) =
∑d
a=0 Za sa(z), for some fixed basis
7 of polynomials {sa}da=0 spanningH0(P1,O(d)).
7Note that since PT is a Calabi-Yau supermanifold, the holomorphic measure dµd is independent
of the choice of basis {sa}da=0 by itself. Indeed, when the target space is CPm|N , a change of basis
in H0(P1,O(d)) with Jacobian J({sa}, {s′a}) induces the integration measure to transform as dµd →
dµd J({sa}, {s′a})m+1−N .
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The Hodges matrices Φ, Φ˜ have been lifted to twistor space, with entries given by
Φij = S(zi, zj) 〈Z(zi)Z(zj)〉 , Φii = 〈Z(zi) dZ(zi)〉 (3.15)
and
Φ˜ij = S(zi, zj)
[
∂
∂Z(zi)
∂
∂Z(zj)
]
, Φ˜ii = −
∑
j 6=i
Φ˜ij
p(zj)
p(zi)
(3.16)
for some arbitrary section p ∈ H0(T 1/2⊗O(d)). Here 〈·, ·〉 and [·, ·] are the infinity twistor8
and dual infinity twistor8 respectively, i.e. 〈ZZ ′〉 = IIJZIZ ′J for two twistors Z,Z ′ ∈ PT
and [WW ′] = I˜IJWIW ′J for two dual twistors W,W ′ ∈ PT∗. Generally, the appearance of
the infinity twistor signals and controls the breaking of space-time conformal symmetry,
which on twistor space is represented by general linear transformations. In the present
case, they reduce as 〈ZZ ′〉 = 〈λλ′〉 and [WW ′] = [λ˜ λ˜′] to the Lorentz invariant pairings
of left- and right-handed spinors, respectively.
There are two remarkable features of this formula. Firstly, on twistor space the de-
pendence on the infinity twistor and dual infinity twistor has separated. This is akin to
the separation in N = 8 supergravity amplitudes [3, 27], but the addition of Yang-Mills
interactions leads to a sum of such products. In other words, the presence of gluon traces
obstructs a complete separation of the infinity twistor and dual infinity twistor, albeit in
a rather systematic way. Secondly, the amplitude is now manifestly N = 4 space-time su-
persymmetric, so eq. (3.12) includes amplitudes for space-time fermions. Neither of these
properties is obvious/accessible from simply using the substitution pi · pi → 〈λi λj〉 [λi λj ]
in the dimension agnostic CHY formulae.
Another property of the amplitudes can be learned from eq. (3.12): since the Hodges
determinant is an antisymmetric polynomial of degree d − 1 in the marked points, it will
vanish identically if d < |h|+τ−1. Hence we find (for non-trivial amplitudes) the inequality
d + 1 ≥ |h| + τ , and similarly the parity conjugate d˜ + 1 ≥ |φ| + τ . Moreover, since the
R-charge selection rules follow from the fermionic part of the map and wave-functions,
which completely separates from the rest of the formula, we manifestly have the usual
selection rules for N = 4 SUSY (in particular k = d+1). This completely fixes the degree
d in terms of the external states, e.g. for external gravitons and gluons only, we recover
d + 1 = n−gr + n
−
gl as expected. A corollary of this is that n
−
gl ≥ τ and n+gl ≥ τ , so any
amplitude with less negative/positive gluons than traces will vanish.
We may easily go from the twistor space representation back to the ambi-twistor
representation (3.4) [28] by specifying the external states to be plane wave states and use
the explicit form of the Penrose representative∫
dti
ti
t2si+2i δ¯
2(λi − ti λ) exp
(
ti [λ˜i µ] + ti ηi · χ
)
(3.17)
8These are fixed simple bitvectors (antisymmetric matrices of rank 2) on twistor space, which arise in
the decompactification of M¯ to M.
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for a multiplet of helicity si. Indeed, by judiciously choosing a coordinate basis
7 for the
space of maps that is adapted to the external data,
Z(z) =
∑
i∈p−
Zi
∏
j∈p−\{i}
z − zj
zi − zj (3.18)
while keeping the punctures fixed, we may perform the integral over the moduli space of
the map Z(z) trivially, upon which we recover the ambi-twistor representation.
It is also worth pointing out that eq. (3.12) reduces correctly to previously known 4d
expressions. Indeed, in the pure gluon (single trace) sector it agrees immediately with the
RSVW formula N = 4 super Yang-Mills. In the pure graviton sector it reduces to the
N = 4 restriction of the CS formula, while the the enhancement to N = 8 follows from the
special properties of the Hodges determinants and scattering equations. A special case of
this is given by the Einstein-Maxwell sector, where each trace contains exactly two gluons.
4 Conclusion & Outlook
We have presented and proven a formula for the splitting of certain fermion correlators
into left and right handed Hodges type determinants. This factorization holds for general
correlators of spinors with values in TM on the Riemann sphere, and in particular does not
require the scattering equations to hold. We have then applied this splitting formula to
the translation of d-dimensional CHY fomulas into the 4d spinor helicity formalism, which
crucially involves the refined scattering equations, both for known examples and to find a
new formula for all tree scattering amplitudes in N = 4 EYM.
The rational functions given in terms of Pfaffians and determinants that enter eq. (2.1)
have natural origins in 2d CFT on the punctured Riemann sphere. Even though we com-
pletely ignored this origin for the purpose of this paper, we believe that 2d CFT is the
proper realm for understanding eq. (2.1) (and in fact the crucial parts of the proof were
discovered using that CFT description). Here we briefly sketch this relation, but leave the
details for an upcoming publication.
The left hand side of eq. (2.1) is given by the correlator〈
2n∏
i=1
(λiλ˜i) · ψ(zi)
〉
= Pf
(
〈λi λj〉 [λ˜i λ˜j]S(zi, zj)
)i,j=1,··· ,2n
(4.1)
with the action
S =
∫
P1
ψµ∂¯ψν ηµν , ψ ∈ ΠΩ0(K1/2 ⊗ TM) , (4.2)
and no constraints on the locations zi. On flat Minkowski space M = R
3,1 the tangent
bundle splits into a product of the left-handed and right-handed spin bundles
TM ≃ S+ ⊗ S− , (4.3)
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where the isomorphism is provided by the van der Waerden symbols σµαα˙. We can write
the world-sheet current9 associated to Lorentz transformations on either side of the iso-
morphism as
ψ[µψν] ≃ ρaα ρbβ εab εα˙β˙ + εαβ ρ˜aα˙ ρ˜bβ˙ εab (4.4)
with the new fields
ρa ∈ ΠΩ0(K1/2 ⊗ S−) , ρ˜a ∈ ΠΩ0(K1/2 ⊗ S+) , (4.5)
where the Roman indices a, b = 1, 2 label the fundamental representation of a new SL(2)
gauge symmetry. This can be seen to arise as redundancy in the change of variables from
ψ to ρ, ρ˜ and is responsible for the permutation symmetry of (2.3). It is hence natural to
suspect that the corresponding 2d sigma sigma models are also related. Indeed, the right
hand side of eq. (2.1) involves the correlators〈∏
i∈b
〈λiρ1(zi)〉
∏
j∈bc
〈λjρ2(zj)〉
〉
= det
(
〈λi λj〉S(zi, zj)
)i∈b
j∈bc
(4.6)
in the action
S =
∫
P1
εab 〈ρa∂¯ρb〉 , (4.7)
and likewise for the right-handed determinant. Taking into account the appropriate Van-
dermonde determinants, we have proven (appendix A) that this correlator is indeed per-
mutation symmetric. This suggests that there is an equivalence of CFTs that underlies the
splitting formula eq. (2.1).
Closely related to the previous comments is the fact that the twistor space connected
formula (3.12) for EYM amplitudes can naturally be incorporated into the twistor string
of [27], which we describe in an upcoming publication.
Finally, it is very tempting to apply eq. (2.1) to scattering-equation based formulas
for higher-loop amplitudes, which currently come in two flavours. On the one hand, the
ambitwistor string model [24] gives rise to amplitudes for supergravity on the torus [29].
Indeed, eq. (2.1) has a natural generalization to higher genus surfaces, and we expect a
generalization of the proof here to carry over. It is however believed that the ambitwistor
string is only modular invariant in 10d, so even though the external states can easily be
restricted to lie in a 4d subspace, the loop momentum would have to be integrated over
a 10d space, which will make P (z) generically a 10d vector. This obstructs the use of
eq. (2.1) as shown here, since the Cii elements of the CHY type Pfaffian cannot be split
straightforwardly. Further complications might arise from Ramond sector fields or the
spin-structure dependence of the Szego´ kernel.
On the other hand there are formulas for loop amplitudes on the nodal sphere [30–
32]. While these seem to be well defined (or at least come with a canonical regularization
scheme) in any dimension, the above obstruction remains: on the nodal sphere the scat-
tering equations imply generically P (z)2 6= 0, so we again cannot split the Cii elements of
9The argument in [9] is based on this identity.
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the CHY type Pfaffian straightforwardly. In this situation the resolution might be more
apparent: we can write P (z) as a sum of null vectors, and, using the multi-linearity of
the Pfaffian, apply the factorization eq. (2.1) to each summand separately. There have
just been promising new results [33] for 4d loop amplitudes based on the 4d refinement of
the scattering equations on the nodal sphere, which might be combined naturally with the
present work to find n-point SUGRA integrands. We leave these exciting thoughts and
questions for future work.
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A Proof of Chiral Splitting in 4d
In this appendix we give the full details of the proof of eq. (2.1), which we repeat here for
the reader’s convenience
Pf
( 〈i j〉 [i j]
zi − zj
)i,j=1,··· ,2n
=
det
(
〈i j〉
zi−zj
)i∈b
j∈bc
V (b)V (bc)
det
(
[i j]
zi−zj
)i∈b˜
j∈b˜c
V (b˜)V (b˜c)
V ({1, · · · , 2n}) (A.1)
where b, b˜ are any ordered subsets of {1, · · · , 2n} of size n and b˜c,bc are their complements.
First we recall the definitions. Take 2n points on the Riemann sphere, given in inhomo-
geneous coordinates by zi, as well as one left- and right-handed spinor λi, λ˜i associated
to each puncture, with i = 1, · · · , 2n. We also have the Vandermonde determinant of an
ordered set, defined as usual
V (b) :=
∏
i<j∈b
(zi − zj) (A.2)
We begin by proving that the building block
det
(
〈i j〉
zi−zj
)i∈b
j∈bc
V (b)V (bc)
(A.3)
is independent of the split of the labels {1, · · · , 2n} into the two ordered subsets b,bc – in
other words, it is still S2n permutation symmetric, albeit not manifestly so.
A.1 Proof of S2n Symmetry
For definiteness, and without loss of generality, we assign the labels {1, · · · , n} to the rows
and {n+ 1, · · · , 2n} to the columns, so we prove the S2n permutation symmetry of
det
(
Φi=1,··· ,nj=n+1,··· ,2n
)
V ({1, · · · , n}) V ({n + 1, · · · , 2n}) (A.4)
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which is used in the main text. Recall that the numerator is given by the determinant of
the n× n matrix Φ with elements
Φij =
〈λi, λj〉
zi − zj , for i = 1, · · · , n and j = n+ 1, · · · , 2n , (A.5)
where 〈·, ·〉 is the SL2 invariant pairing of the left-handed spinors. We emphasize that while
the set of punctures that label the rows is disjoint from the set of punctures that label the
columns, we can easily achieve any overlap between the sets labelling rows and columns
by taking an appropriate limit of the above matrix, with a “diagonal element” that we can
specify freely. This is necessary e.g. for amplitudes involving gravitons.
Notice that, due to the antisymmetry of the Vandermonde determinant as well as the
numerator eq. (A.4) is manifestly Sn × Sn × Z2 symmetric, i.e. permutation symmetric in
each of the two sets {1, · · · , n} and {n + 1, · · · , 2n} separately, while the Z2 factor swaps
the two sets and transposes the matrix. In order to show that it has in fact S2n symmetry
we will show that as a rational function of the locations zi and spinors λi it is equal to the
expression
(−1)n(n−1)2
∑
b⊂{1,··· ,2n}
|b|=n
∏
i∈b
(λi)
0
∏
j∈bc
(λj)
1
∏
i∈b
j∈bc
1
zi − zj (A.6)
Since this expression is manifestly S2n invariant (even though it has lost its manifest Lorentz
SL2 invariance), proving equality of eq. (A.4) and eq. (A.6) will establish the S2n symmetry
of eq. (A.4).
The plan is to examine the poles and residues of each expression as any of the two
punctures coincide, and then use a recursion argument to show that the residues agree.
First, we rewrite the claim as
det
(
Φi=1,··· ,nj=n+1,··· ,2n
)
= (−1)n(n−1)2
∑
b⊂{1,··· ,2n}
|b|=n
∏
i∈b
(λi)
0
∏
j∈bc
(λj)
1 V (1, · · · , n)V (n+1, · · · , 2n)∏
i∈b
j∈bcf
(zi − zj) ,
(A.7)
Each side is now a section of ⊗iOi(−1) with at most simple poles as any two punctures
coincide, so by Cauchy’s theorem, comparing residues is sufficient to prove equality. Fur-
thermore, given the already manifest Sn × Sn × Z2 symmetry, it is sufficient to check the
residues at z1 = z2 and z1 = z2n. It is actually immediately clear that both sides have
vanishing residue at z1 = z2, so we only have to put some effort into checking the residue
at z1 = z2n. On the left hand side we find
lim
z1→z2n
{
(z1 − z2n) det
(
Φi=1,··· ,nj=n+1,··· ,2n
)}
= (−1)n 〈λ1, λ2n〉 det
(
Φi=2,··· ,nj=n+1,··· ,2n−1
)
, (A.8)
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while on the right hand side we find
lim
z1→z2n

(z1 − z2n)
∑
b⊂{1,··· ,2n}
|b|=n
∏
i∈b
(λi)
0
∏
j∈bc
(λj)
1 V (1, · · · , n) V (n+ 1, · · · , 2n)∏
i∈b
j∈bc
(zi − zj)


= 〈λ2n, λ1〉
∑
b⊂{2,··· ,2n−1}
|b|=n−1
∏
i∈b
(λi)
0
∏
j∈bc
(λj)
1 V (2, · · · , n) V (n+ 1, · · · , 2n− 1)∏
i∈b
j∈bc
(zi − zj)
(A.9)
where, going to the second line, we observed that only those terms in the sum where 1 and
2n are in different subsets contribute to the pole. We immediately recognize the condition
for the residues to agree as the very same claim we’re trying to prove but for n− 1. Hence,
we may conclude the proof by invoking a simple induction argument from n to n− 1.
A.2 Proof of Splitting
Armed with the knowledge that the factor eq. (A.6) is secretly S2n symmetric, we may now
establish the factorization formula eq. (2.1) by comparing residues. Both sides are again
sections of ⊗iOi(−1) so comparing residues as any pair of punctures collide is sufficient to
prove equality.
Using the S2n symmetry of both sides we may simply look at the residue as z1 → z2,
where we find for the left hand side
lim
z1→z2
{
(z1 − z2) Pf
( 〈i j〉 [i j]
zi − zj
)i,j=1,··· ,2n}
= 〈1 2〉 [1 2] Pf
( 〈i j〉 [i j]
zi − zj
)i,j=3,··· ,2n
.
(A.10)
On the right hand side we first make a judicious choice for the splitting of labels into rows
and columns such that the rows of the first matrix be labelled by the set {1} ∪ b′ and the
columns by {2}∪b′c where b′∪b′c = {3, · · · , 2n} is a partition of the remaining labels and
similarly for the second matrix. (For the sake of clarity we drop the primes below.) Hence
we find the residue on the right hand side
lim
z1→z2

(z1 − z2)
det
(
〈i j〉
zi−zj
)i∈{1}∪b
j∈{2}∪bc
V ({1} ∪ b)V ({2} ∪ bc)
det
(
[i j]
zi−zj
)i∈{1}∪b˜
j∈{2}∪b˜c
V ({1} ∪ b˜)V ({2} ∪ b˜c) V ({1, · · · , 2n})


= 〈1 2〉 [1 2]
det
(
〈i j〉
zi−zj
)i∈b
j∈bc
V (b)V (bc)
det
(
[i j]
zi−zj
)i∈b˜
j∈b˜c
V (b˜)V (b˜c)
V ({3, · · · , 2n})
(A.11)
Notice that each determinant has a simple pole as z1 → z2, while the big Vandermonde
factor has a simple zero, and on the location of the residue there are cancellations between
the various Vandermonde factors. We again recognize the condition for the residues to agree
as the very same claim we’re trying to prove but for n− 1 so, after invoking recursion, this
concludes the proof of the splitting formula eq. (2.1).
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